Recently it has been demonstrated that the combination of weak-continuous position detection with detuned parametric driving can lead to significant steady-state mechanical squeezing, far beyond the 3 dB limit normally associated with parametric driving. In this work, we show the close connection between this detuned scheme and quantum non-demolition (QND) measurement of a single mechanical quadrature. In particular, we show that applying an experimentally realistic detuned parametric drive to a cavity optomechanical system allows one to effectively realize a QND measurement despite being in the bad-cavity limit. In the limit of strong squeezing, we show that this scheme offers significant advantages over standard backaction evasion, not only by allowing operation in the weak measurement and low efficiency regimes, but also in terms of the purity of the mechanical state.
Introduction
Recently, much attention has been focused on the problem of measuring a macroscopic harmonic oscillator at the level of its quantum mechanical fluctuations, and thereby controlling its quantum state. For example, measuring the position with an uncertainty smaller than the quantum zero-point motion results in a "squeezed" state. Such quantum states are the basis for sensing at an unprecedented scale [1] and for new kinds of information processing [2] . Squeezing the quantum noise in mechanical oscillators is a non-trivial task -not only because exquisite sensitivity is required, but also due to the fact that the position and momentum are dynamically linked. Since Heisenberg's uncertainty principle dictates that a position measurement produces a momentum kick (also known as backaction), this linkage necessarily produces a position disturbance later in the oscillator's cycle, with the resulting noise precluding localisation with precision below the level of the zero-point motion.
The most common ways of mitigating this noise -known as backaction evading (BAE) techniques -involve making position measurements that are essentially periodic. Using this method, by which the backaction heating only heats the unmeasured quadrature, it follows that an arbitrarily sensitive measurement of the other is possible. This technique, first theoretically developed by Braginsky et al. [3] , is the prototypical quantum non-demolition (QND) measurement of an oscillator -since joined by QND protocols for energy [4] and atomic spin [5] .
Periodic modulation of an oscillator's spring constant, such that one quadrature of motion is amplified, allows one to circumvent practical sensitivity limits that arise due to measurement noise. So-called degenerate parametric amplification has been accordingly used in nanomechanical systems [6, 7] in addition to microwave systems [8] as a way of transducing small signals. Since in principle it adds no extra noise, even in the quantum regime, parametric amplification has long been viewed as a cousin of back-action evasion in this limited sense [9] . However, since it influences the measured quadrature of the oscillator, unlike BAE, it cannot be considered a type of QND measurement.
Recently, we have proposed [10, 11] and demonstrated [12] a method to accurately measure and squeeze one quadrature of motion via the orthogonal amplified quadrature by using a detuned parametric drive. In this paper, we consider a special case of this detuned mechanical amplification (DMPA) in which one quadrature is not disturbed by the parametric drive. With respect to this undisturbed quadrature, we show that it is possible to equate a weak measurement of the oscillator to a strong but imperfect backaction evading measurement. This allows us to quantify the effectiveness of DMPA as a QND measurement, and hence directly compare DMPA to one-mode backaction evading protocols as used in cavity optomechanics [13, 14, 15] , as well as a more recently studied two-mode version [16] . We show that the parametric scheme is directly analogous to backaction evading measurement, and that in the regime where the oscillator is localised well below the zero-point motion, the effective measurement strength scales linearly with the parametric drive strength. Hence, conditional quantum squeezing of the mechanical state with weak or inefficient measurement, or in the optomechanical bad cavity regime, is made possible with parametric driving. In addition we show that, in contrast to backaction evasion, approaching the limit of perfect squeezing does not degrade the purity. Furthermore, the purity scales more favourably with the measurement efficiency and is therefore more robust to measurement loss.
Model
We begin by recapping the essential elements of the DMPA scheme introduced in Refs. [10, 11] ; unlike the presentation in those works, we focus on the connection to QND measurement. One starts with a standard optomechanical system where a mechanical resonator of frequency ω m is dispersively coupled to a cavity mode of damping rate κ [17] . In the good-cavity limit ω m ≫ κ, one can use the cavity output to make a QND measurement of a single mechanical quadrature by simultaneously driving both the redand blue-detuned mechanical sidebands [13] ; such a QND measurement when combined with feedback can then in principle lead to high levels of mechanical squeezing. Here, we focus instead on the bad-cavity limit κ ≫ ω M , where the conventional QND scheme for squeezing is impossible: even if one drives both mechanical sidebands, the cavity will couple to (and thus measure) both mechanical quadratures.
To realize something akin to a QND measurement in the bad-cavity regime, we will take a different approach: as opposed to engineering the cavity-mechanical interaction by two-tone driving, we will instead modify the coherent dynamics of the mechanical resonator. This is done by simply introducing a strong parametric modulation of the mechanical spring constant (via, e.g. electromechanical means [10] or otherwise) at a frequency 2ω d where ω d = ω m + ∆. Lettingx andp denote position and momentum, the mechanical Hamiltonian is
Moving to a rotating frame at the reference frequency ω d , the position can be decomposed into canonically-conjugate quadratures
where [X,Ŷ ] = i and the ground state variance is
Introducing creation and annihilation operators in the rotating frame viâ
and make a rotating-wave approximation (which requires ω M ≫ {γ, k r /m}), the resulting mechanical Hamiltonian is
The second term causes parametric squeezing of one mechanical quadratureÛ 1 = (X −Ŷ )/ √ 2 (and amplification of the conjugate quadratureÛ 2 = (X +Ŷ )/ √ 2) at rate χ, while the first detuning term induces rotation in phase space and hence a mixing of squeezed and amplified quadratures. At first glance, this additional rotation seems problematic if the eventual goal is mechanical squeezing. One is thus tempted to set ∆ = 0, i.e. a resonant parametric drive. In this case, the maximum possible steady-state squeezing of the squeezed quadratureÛ 1 is by 50%, the so-called 3 dB limit [10] . For the seemingly ideal case of ∆ = 0, this limit cannot be improved by adding continuous position detection [10] .
Unconditional QND dynamics
Here, we will instead take a value of the detuning ∆ close to the instability threshold |∆ th | = γ 2 + χ 2 . In particular, one obtains extremely simple dynamics in the case where ∆ = −χ, as the Hamiltonian takes the form
In this case, the squeezing and rotation operations conspire to produce simple coherent dynamics analogous to that of a free particle: similar to momentum, theX quadrature is a constant of the motion, while similar to position,Ŷ grows at a rate determined byX. That is, in the absence of external influences, (d/dt)Ŷ = χX. It follows trivially that while theX quadrature is unaffected by the parametric driving, at long times (or low frequencies) theŶ quadrature becomes an amplified version ofX. To make this more precise, we include mechanical dissipation in the standard way. With mechanical amplitude damping at rate γ, the quantum Langevin equations describing the mechanical resonator take the form
where X in , Y in describe the input noise from the mechanical bath. The above is easily solved in the frequency domain aŝ
are the mechanical quadratures when χ = 0; they simply correspond to the quadratures of a mechanical resonator in thermal equilibrium. Eqs. 8 express the key idea underlying our DMPA-based backaction evasion scheme: for low frequencies and large χ/γ, the detuned parametric drive causesŶ to become an amplified version ofX, whereasX is completely unaffected by the parametric driving. The situation is reminiscent of a QND measurement: the mechanicalŶ quadrature "measures" theX quadrature, without any backaction disturbance. The amplification induced by the detuned parametric driving also means that a standard continuous position measurement made using the cavity output effectively becomes a single-quadrature measurement ofX. We make this precise in what follows.
Measurement conditioning
The next step of the analysis is to understand how a standard conditional position measurement [18] is modified by the effective amplification described above. As described in Ref. [19] , the transformation into a rotating frame allows for simple equations of motion for the conditional state of the oscillator. As the mechanical Hamiltonian is quadratic and we are making a linear measurement, an initially Gaussian mechanical state will also remain Gaussian at all times. Hence, the conditional evolution equations reduce to equations for the means and covariance matrix (see Appendix A). Letting V X ≡ X 2 , V Y ≡ Ŷ 2 and C ≡ {X,Ŷ }/2 denote the elements of the conditional covariance matrix, one finds (again taking ∆ = −χ)
where N is the mean bath phonon number, µ is the measurement rate, and η is the efficiency of the measurement (η = 1 corresponds to a quantum-limited continuous position measurement), while N BA = µ/2γ describes the backaction heating of both quadratures from the continuous position measurement, parameterised as an additional mean phonon occupation. These equations have a simple interpretation: the χ terms correspond to the coherent dynamics due to the detuned parametric drive, whereas the nonlinear µ-dependent terms correspond to the conditioning terms due to the measurement (i.e. the measurement leads to an effective nonlinear damping of the variances). Throughout this paper, we assume a situation where the mechanical susceptibility is not modified by the measurement. In cavity optomechanics, this is achieved by driving the cavity on resonance rather than on the red or blue sidebands. For comparison, the corresponding conditional evolution equations for a near-QND measurement of the mechanical X quadrature (via, for example, dual sideband driving) take the general form [18, 13] 
where N BA is defined as above, and N bad < N BA is the spurious backaction heating of theX quadrature due to imperfect QND measurement. Here, the measurement conditioning terms now reflect the fact that only theX quadrature is being measured. Further, in the ideal QND limit, the parameter N bad = 0, and there is no backaction heating of the measuredX quadrature. Small deviations from the ideal QND limit result in a small amount of backaction heating of the X quadrature; we parameterize this (as in Ref. [13] ) by N bad . Note that one can easily verify from Eq. 15 that the stationary conditional state has C = 0.
QND Measurement via DMPA
We can now substantiate our claim that as far as the stationary conditional state is concerned, weak measurement of theŶ quadrature with strong detuned parametric amplification approximates an efficient QND measurement ofX. This is done by directly comparing the conditionalX quadrature variance equations for DMPA and the backaction evasion case, allowing an effective measurement strength for theX quadrature to be defined. Simple solutions for theX variance and purity are then found in the strong driving limit. Later, the respective roles of the parametric drive and measurement are clarified using the general solution for the effective measurement strength.
Effective Measurement Strength
To define the effective measurement strength, we return to Eqs (10-12) and solve for the stationary value of the covariance C. We obtain
Unlike the BAE case, here the stationary value of C is non-zero. We now use this result to eliminate C from the steady-state equation of motion for V X , obtaining
where we have described the effective measurement strength:
and introduced an effective bad-cavity parameter
Comparing against Eq. (13) describing backaction evasion, we see that Eq. (17) is now of the same form. For a large measurement enhancement (g ≫ 1), there is a strong similarity to a near-ideal QND measurement of the X quadrature in that the measurement conditioning parameter µ eff is enhanced far above µ without a coinciding increase in the backaction heating N bad,eff , which is independent of g.
In the complete absence of measurement (µ = 0), the coherent amplification alone determines the covariance so that g = C/V X = χ ′ (where from here onward χ ′ denotes the dimensionless ratio χ/γ, equalling unity at the self-oscillation threshold of a nondetuned parametric amplifier). As the measurement strength is increased, the ratio g is attenuated by the conditioning of the quadratures. This can be seen in Eq. (16), where even though increasing µ reduces V X and V Y , the product µ(V X +V Y ) is a monotonically increasing function of µ. This attenuation of g reflects the fact that the damping effect of the position measurement on the covariance counteracts the coherent amplification due to the parametric drive. In the limit of a perfect measurement (µ/γ → ∞), g approaches zero and the parametric drive becomes irrelevant.
A bandwidth picture provides a useful heuristic explanation for the form of Eq. (16), as follows. The measurement conditioning terms ηµV X and ηµV Y in this equation also appear in Eqs (10) and (11), where they may be understood as damping rates in addition to the intrinsic rate γ. Accordingly, the conditioning associated with a position measurement makes use of information gathered over time-scales 1/(ηµV X ) and 1/(ηµV Y ). However, the effective amplification dynamics are only significant on timescales longer than the mechanical decay time, given by 1/γ. This is shown by Eq. (8), where the additional term inŶ (ω) decays for |ω| ≫ γ. Therefore, for sufficiently short measurement timescales the amplification is effectively frozen out and plays no role in the conditioning. ‡ This explains the appearance of the rates ηµV X and ηµV Y as attenuating terms in the measurement gain given by Eq. (16).
Strong Driving Limit
Since Eq. (16) is an implicit equation, the net effect of the parametric drive and measurement in the regime where the measurement is significant (2ηµ(V Y
and substituting this into Eq. (11). A cubic equation is then obtained for V Y in the steady-state, with the solution
Inserting this back into Eq. (20), and then into Eq. (10) using the steady-state condition gives an equation for V X that can be solved
We can see that the extra conditioning term due to the covariance is now proportional to V
4/3
X . That is, in the regime where the measurement and parametric drive are both significant, the overall effect of the conditioning via the Y quadrature lies between that of damping (linear in V X ) and that of direct conditioning (quadratic in V X ).
In the strong driving limit, V X becomes small enough that the terms proportional to V X and V 2 X in Eq. (22) can be neglected, yielding the simple solution
Since N BA is proportional to the measurement strength µ, there is clearly an optimum value of µ that minimises V X , located around where this backaction term becomes important. Differentiating to find the optimal measurement strength in this limit yields
which corresponds to the backaction noise equalling half of the original noise in the oscillator. This trade-off between conditioning and backaction is in contrast to backaction evasion, where the conditional variance of the measured quadrature decreases monotonically with µ, even with spurious heating. ‡ A rigorous approach to this argument is given in Appendix C by the filter width parameter used to obtain the optimal position estimate from the measurement results.
Substituting this optimal measurement strength back into Eq. (23) leaves
Therefore, arbitrarily strong quantum squeezing is possible if χ ′ ≫ 2N + 1. This can be compared with the variance obtained for backaction evasion in the strong measurement regime (where µ/γ ≫ 1)
Notably, the DMPA scheme is clearly more suited to a sub-optimal efficiency η, consistent with previous numerical analysis [10] . This is especially relevant to nanomechanical systems, where even the best state-of-the-art optomechanical devices have loss factors of the order of 10% [20] . Comparison of purity and key parameters for ideal backaction evasion (light, dashed lines) and optimal detuned parametric amplification (solid lines) in the quantum squeezing regime V X < 0.5. For DMPA, the measurement strength µ (middle panel) is optimised to minimise the squeezed variance for each parametric drive strength χ/γ (lower panel). In both cases, the set parameters are an efficiency of η = 1 and the mean thermal phonon occupation of N = 10.
Quantum-level Backaction Evasion
We can now easily see that setting µ to near the backaction-dominated regime allows the equivalent QND measurement strength µ eff to be deeply within it. Measurement of the proxyŶ quadrature can therefore be used to condition theX quadrature to below the level of the zero-point motion. This can be shown in the general case by using numerical solutions to Eqs (10) (11) (12) . Figure 1 shows the minimum parametric drive strength required to achieve a fixed level of quantum squeezing using the optimum measurement rate µ opt , as well as the purity of the final conditional state. The required measurement strength and achievable purity for backaction evasion are shown for comparison. In the limit of strong squeezing, the parametric drive takes over the measurement's role in backaction evasion, while the optimal measurement strength approaches the constant given by Eq. (24) as expected.
Purity
So far in this analysis, the parallels between DMPA and backaction evasion have been demonstrated for the dynamics and statistics of theX quadrature. It is interesting to note that these parallels do not extend to the orthogonalŶ quadrature, which is amplified and conditioned in the DMPA scheme rather than heated. The variance of theŶ quadrature is relevant to applications that benefit from a high level of purity of the quantum state, such as continuous variable quantum computing [21] . To illustrate the difference between the two schemes considered, we compare the quantity
2 ), which reaches a maximum value of one for a pure state. For a backaction evading measurement, the purity can be obtained from the solutions of (13-15)
In the ideal good cavity limit N bad = 0 and for a strong measurement ηµ ′ ≫ 2N + 1, the backaction causes a decrease in purity towards zero as µ is increased
In contrast to the above, the purity of the steady-state conditional state after applying a detuned parametric drive with the QND condition |∆| = χ and µ = 0 can be derived from the general solutions of the variances in Ref. [11] , and written as
In the limit of weak measurement, this purity approaches a very small value due to the amplification of the Y quadrature. However, with an intermediate measurement strength, the conditioning of the Y quadrature allows for a higher purity than the equivalent backaction evading measurement. Since χ ′ /g − 1 is always positive, it is possible to assign a lower bound from the above that is independent of the parametric drive
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In the strong measurement limit this lower bound on the purity approaches η, in contrast to Eq. 27 where the purity approaches zero for backaction evading measurement. This difference is attributed to the fact that in the DMPA scheme, both quadratures are conditioned by the measurement. Therefore, even though theŶ variance is amplified, this quadrature is still kept confined by a nonlinear conditioning term. In contrast, backaction evasion heats the unmeasuredŶ quadrature, causing V Y to increase linearly with µ ′ . If we consider the optimal measurement strength µ opt that minimises V X with a fixed parametric drive χ, the purity is reduced from the maximum of η. This purity is plotted in Figure 1 for a squeezedX variance (i.e. V X < 1/2), where it is compared with the backaction evading case. It can be clearly seen that while the purity deteriorates as squeezing improves for backaction evasion, the DMPA purity approaches the lower bound of η/3 (since in this limit µ opt /γ → N + 1/2 and χ ′ ≫ g). Furthermore, a compromise can be made by increasing the measurement strength beyond the optimal level, reducing the strength of QND squeezing of the X quadrature in return for higher state purity.
General Solution for Effective Measurement Strength
Some additional light can be shed on the parallel between DMPA and backaction evasion by quantifying the effective measurement enhancement µ eff /µ. This was found to be equal to (1 + χ ′2 ) in the limit of no measurement, and reduced to unity in the strong measurement limit. It is between these two limits, where weak measurement and strong parametric driving work in concert, that our scheme finds utility in QND measurement. This intermediate regime -described above for the limit of strong driving -will now be examined in detail. Making use of already derived exact solutions to Eqns (10) (11) (12) [11], we can explicitly find µ eff in terms of experimental parameters. This also allows direct comparisons to be made with state-of-the art backaction evasion experiments.
The ratio µ eff /µ, quantifying the ratio of conditioning measurement to backactioninducing measurement, is given by (see Appendix B)
where SNR = ηµ(2N + 2N BA + 1)/γ defines the signal-to-noise ratio with which the combined thermal and back-action driven motion can be resolved over the measurement noise in the absence of driving. Since N BA ∝ µ, the inclusion of backaction means that in the limit N BA ≫ N + 1/2, the SNR becomes quadratic in µ rather than linear. As SNR is increased, the effective measurement enhancement given by Eq. (31) passes through three regimes, as illustrated in Figure 2 for three values of χ ′ . For a strong drive (χ ′ ≫ 1), these regimes have simple, well-defined boundaries. The weak measurement limit, where the enhancement is maximised, ends when SNR ≈ χ ′−2 . Beyond this is an intermediate region of nonzero but reduced gain, where the term χ ′2 SNR is dominant in the denominator of Eq. (31). This corresponds to the amplifiedŶ quadrature being well transduced above the measurement noise. Comparing to Eq. (16), this is also where the term µV Y becomes important and the effective measurement ceases to be dominated by the coherent parametric drive. Finally, when SNR exceeds χ ′2 , the direct measurement of the X quadrature is more efficient than the proxy measurement and µ eff /µ approaches 1.
To utilise the full performance of the DMPA-based backaction evasion scheme, the effective measurement strength µ eff must be large compared to γ, while the spurious heating N BA must be weak compared to the thermal noise. It is in the aforementioned intermediate regime that this occurs and the level of quantum squeezing is optimised. When χ ′ ≫ 1 this regime corresponds to an SNR of order unity, signifying that the thermal motion is barely transduced without the aid of the parametric drive. We can then simplify Eq. (31) to
We see that in this intermediate regime, the enhancement is linear with χ ′ , as is also seen in Figure 2 . This linear enhancement is in contrast to the weak measurement limit, where the enhancement scales as χ ′2 . Substituting the above expression into Eq. (17) and solving in the limit χ ′ ≫ 1, we get
in exact agreement with Eq. (23).
Conclusion
The goal of backaction evasion is to provide better resolution in a quantum measurement without adding noise to the observable being measured. While parametric amplification is widely known as a means to improve resolution, this generally comes at the cost of disturbing the measured system. In this work, we examine a special case of detuned parametric amplification in which both of these criteria are satisfied; that is, measurement of one quadrature can be enhanced by a parametric drive without disturbing it or increasing the level of backaction noise. We have shown that in the weak measurement regime, the effective enhancement scales as the square of the parametric drive strength, while in the quantum squeezing regime the enhancement scales linearly. Furthermore, in the latter regime, the state purity is favourable compared to traditional backaction evasion, while the squeezing is more robust to measurement inefficiency.
With the ability to strongly parametrically drive, this alternative method allows QND measurement in the optomechanical bad-cavity and weak coupling regimes, both of which otherwise preclude this goal. This equivalent approach to backaction evasion is useful for experimental scenarios where purely measurement-based methods may not be viable or sufficient for the preparation of quantum states.
Appendix A. Master equation
The stochastic master equation, introduced in Ref. [12] , models the measurement as well as the dissipation of the oscillator, leading to quadrature variances conditioned on the processing of the measurement record. An observer's expected knowledge of the observable A evolves as
where N is the mean bath phonon number, γ = ω m /Q is the intrinsic damping rate, η is the quantum efficiency and dW 1 and dW 2 are uncorrelated Wiener processes defining the residual noise given the measurement results. The measurement strength µ defines the maximum amount of conditioning as well as the standard backaction noise via N BA = µ 2γ
. The integers j and k, where {j, k} ∈ {0, 1}, allow the measurement to be turned off and on in each quadrature. When only one quadrature is measured, the orthogonal quadrature experiences the normal effective increase in phonon occupation due to backaction N BA . Meanwhile, the measured quadrature experiences a reduced spurious backaction N bad , an amount less than N BA and ideally zero. When both quadratures are measured (e.g. a continuous position measurement), both experience the full backaction N BA .
Appendix B. Effective measurement strength
The general solution for the conditional variances V + , V − when the quadrature phase space is optimally rotated can be found in Ref. [11] . We can use these solutions, including the squeezing angle α to re-obtain V X and C, and thus calculate g. An explicit general solution for cos(2α) is given in Ref. [11] . The effective measurement strength is then easily derived as µ eff µ = 2(1 + χ ′2 )
1 + (1 + 4SNR) 2 + 16χ ′2 SNR − 4SNR (B.7)
where χ ′ = χ/γ is the normalised parametric drive strength and SNR = ηµ(2N +2N BA + 1)/γ defines the signal-to-noise ratio for the thermal noise.
Appendix C. Filter width
The relevant timescale of a measurement can be illustrated by the filter parametersspecifically, the filter width -that produce the optimal position estimates from the noisy time-series measurements. These parameters are found by Fourier transforming and solving the conditional equations of motion, then transforming back to the time domain [11] . The exponential decay that specifies the filter width contains the rate
This sum of variances is identical to that for the optimal quadratures (see Eqs B.1-B.2) and so previously derived results [11] can be used Γ = γ + 2ηµ(V + + V − ) (C.2) = ∆ tan(2α) (C. 3) and using ∆ = χ in addition to the result g = cot(2α)
The filter width then blows up as g deviates from χ ′ and approaches 0. This effect exactly coincides with the enhancement factor µ eff /µ dropping from 1 + χ ′2 back to 1, and the amplification becoming redundant. After some algebra, the filter width can be rewritten in terms of experimental parameters as Γ γ = (1 + 4SNR + (1 + 4SNR) 2 + 16χ ′2 SNR)/2 (C.5)
We can see that when χ ′ = 0, the standard expression [11] is recovered Γ γ = √ 1 + 4SNR (C.6)
If instead, we let it be non-zero but restrict ourselves to the ultraweak measurement case in which the amplified peak is still obscured under the measurement noise (SNR(1 + χ ′2 ) ≪ 1 where χ ′ ≫ 1), we can expand the inner square root to give Γ γ ≈ 1 + 4SNR(1 + χ ′2 ) (C. 7) which has exactly the same form, but with SNR effectively enhanced by the amplification factor. However, as this approximation breaks down, the filter widens more slowly as a function of this enhanced SNR. In the opposite limit SNR(1 + χ ′2 ) ≫ 1, we obtain Γ γ ≈ 4 χ ′2 SNR (C.8)
